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This paper is concerned with the existence of inﬁnitely many positive solutions to a class of
p(x)-Kirchhoff-type problem. By means of a direct variational approach and the theory of
the variable exponent Sobolev spaces, we establish the existence of inﬁnitely many distinct
positive solutions whose W 1,p(x)(Ω)-norms and L∞-norms tend to zero under suitable
hypotheses about nonlinearity.
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1. Introduction
In this paper we study the following problem⎧⎪⎨⎪⎩
−
(
a + b
∫
Ω
1
p(x)
|∇u|p(x) dx
)
div
(|∇u|p(x)−2∇u)= f (x,u) in Ω,
u = 0 on ∂Ω,
(1.1)
where Ω is a smooth bounded domain in RN , p = p(x) ∈ C(Ω) with 1< p− := infΩ p(x) p+ := supΩ p(x) < +∞, a,b > 0
and f (x,u) : Ω ×R →R satisfy Carathéodory condition and there exists t∗ > 0 such that supt∈[0,t∗] f (·, t) ∈ L∞(Ω).
The operator −div(|∇u|p(x)−2∇u) is said to be p(x)-Laplacian, and becomes p-Laplacian when p(x) ≡ p (a constant).
The p(x)-Laplacian possesses more complicated nonlinearities than the p-Laplacian; for example, it is inhomogeneous. The
study of various mathematical problems with variable exponent growth condition has been received considerable attention
in recent years. These problems are interesting in applications and raise many diﬃcult mathematical problems. One of the
most studied models leading to problem of this type is the model of motion of electrorheological ﬂuids, which are charac-
terized by their ability to drastically change the mechanical properties under the inﬂuence of an exterior electromagnetic
ﬁeld [25,29]. Problem with variable exponent growth conditions also appear in the mathematical modeling of stationary
thermo-rheological viscous ﬂows of non-Newtonian ﬂuids and in the mathematical description of the processes ﬁltration
of an ideal barotropic gas through a porous medium [1,2]. Another ﬁeld of application of equations with variable exponent
growth conditions is image processing [6]. The variable nonlinearity is used to outline the borders of the true image and
to eliminate possible noise. We refer the reader to [12,21,26–28] for an overview of and references on this subject, and to
[7–11,14–19] for the study of the p(x)-Laplacian equations and the corresponding variational problems.
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given by the equation
ρ
∂2u
∂t2
−
(
ρ0
h
+ E
2L
L∫
0
(
∂u
∂x
)2
dx
)
∂2u
∂x2
= 0, (1.2)
where ρ , ρ0, h, E , L are constants, which extends the classical D’Alembert’s wave equation, by considering the effects of
the changes in the length of the strings during the vibrations. The equation⎧⎪⎨⎪⎩
−
(
a + b
∫
Ω
|∇u|2 dx
)
u = f (x,u) in Ω,
u = 0 on ∂Ω,
(1.3)
is related to the stationary analogue of Eq. (1.2). Eq. (1.3) received much attention only after Lions [24] proposed an abstract
framework to the problem. Some important and interesting results can be found, for example, in [3–5,13,22].
In the present work, we consider the case of the p(x)-Laplacian, instead of the Laplacian. The p(x)-Laplacian possesses
more complex nonlinearities, which raises some of the essential diﬃculties. We obtain inﬁnitely many distinct non-negative
solutions whose W 1,p(x)(Ω)-norms tend to zero with f (x, ·) having an oscillating behavior.
Now, we are in a position to state our main results. For simplicity we write X = W 1,p(x)0 (Ω) and employ the letter c to
denote any constant. So the exact value of c may change from line to line. Moreover, we employ |Ω| to denote the measure
of Ω . Firstly, we make the following assumptions.
(i) There are two sequences {ak}k∈N , {bk}k∈N such that 0 < ak < bk , limk→+∞ bk = 0, and
∫ ak
0 f (x, s)ds =
supt∈[ak,bk]
∫ t
0 f (x, s)ds for almost all x ∈ Ω and k ∈ N.
(ii) There exists a sequence {ηk}k∈N ⊂ (0,bk] such that
ess inf
Ω
ηk∫
0
f (x, s)ds > 0.
We are interested in the existence of inﬁnitely many solutions for problem (1.1). Our main results is the following
theorem.
Theorem 1.1. Assume f satisﬁes (i), (ii) and f (x,0) = 0. Then, there exists a sequence {uk} ⊂ X of positive, homoclinic weak solutions
of (1.1) such that
lim
k→+∞
I(uk) = 0 and lim
k→+∞
‖uk‖X = 0.
This paper is organized as follows. In Section 2, we present some necessary preliminary knowledge on variable exponent
Sobolev spaces. In Section 3, we prove Theorems 1.1.
2. Preliminaries
In order to discuss problem (1.1), we need some theories on W 1,p(x)0 (Ω) which we call variable exponent Sobolev space.
Firstly we state some basic properties of spaces W 1,p(x)0 (Ω) which will be used later (for details, see [19]). Denote by S(Ω)
the set of all measurable real functions deﬁned on Ω. Two functions in S(Ω) are considered as the same element of S(Ω)
when they are equal almost everywhere.
Write
Lp(x)(Ω) =
{
u ∈ S(Ω):
∫
Ω
∣∣u(x)∣∣p(x) dx< +∞}
with the norm
|u|Lp(x)(Ω) = |u|p(x) = inf
{
λ > 0:
∫
Ω
∣∣∣∣u(x)λ
∣∣∣∣p(x) dx 1},
and
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with the norm
‖u‖W 1,p(x)(Ω) = |u|Lp(x)(Ω) + |∇u|Lp(x)(Ω).
Denote by W 1,p(x)0 (Ω) the closure of C
∞
0 (Ω) in W
1,p(x)(Ω).
Proposition 2.1. (See [19].) The spaces Lp(x)(Ω), W 1,p(x)(Ω) and W 1,p(x)0 (Ω) are separable and reﬂexive Banach spaces.
Proposition 2.2. (See [19].) Set ρ(u) = ∫
Ω
|u(x)|p(x) dx. For any u ∈ Lp(x)(Ω), then:
(1) For u 
= 0, |u|p(x) = λ ⇔ ρ( uλ ) = 1;
(2) |u|p(x) < 1 (= 1;> 1) ⇔ ρ(u) < 1 (= 1;> 1);
(3) If |u|p(x) > 1, then |u|p
−
p(x)  ρ(u) |u|p
+
p(x);
(4) If |u|p(x) < 1, then |u|p
+
p(x)  ρ(u) |u|p
−
p(x);
(5) limk→+∞ |uk|p(x) = 0 ⇔ limk→+∞ ρ(uk) = 0;
(6) limk→+∞ |uk|p(x) = +∞ ⇔ limk→+∞ ρ(uk) = +∞.
Proposition 2.3. (See [19].) In W 1,p(x)0 (Ω) the Poincaré inequality holds, that is, there exists a positive constant C such that
|u|Lp(x)(Ω)  C |∇u|Lp(x)(Ω), ∀u ∈ W 1,p(x)0 (Ω).
So |∇u|Lp(x)(Ω) is an equivalent norm in W 1,p(x)0 (Ω). We will use the equivalent norm in the following discussion and
write ‖u‖ = |∇u|Lp(x)(Ω) for simplicity.
Proposition 2.4. (See [16,19].) Assume that the boundary of Ω possesses the cone property and p ∈ C(Ω) with p(x) < N. If q ∈ C(Ω)
and 1 q(x) p∗(x) for x ∈ Ω, then there is a continuous embedding W 1,p(x)(Ω) ↪→ Lq(x)(Ω), where p∗ = NpN−p .
Proposition 2.5. (See [11].) The embedding W 1,p(x)(Ω) ↪→ C0(Ω) is compact whenever N < p− .
3. Proof of Theorem 1.1
In this section we will prove Theorem 1.1.
Deﬁnition 3.1. We call that u ∈ X is a weak solution of (1.1), if(
a + b
∫
Ω
1
p(x)
|∇u|p(x)
)∫
Ω
|∇u|p(x)−2∇u∇ϕ dx =
∫
Ω
f (x,u)ϕ dx,
where ϕ ∈ X .
The energy functional I˜ : X → R associated with problem (1.1)
I˜(u) = a
∫
Ω
1
p(x)
|∇u|p(x) dx+ b
2
( ∫
Ω
1
p(x)
|∇u|p(x) dx
)2
−
∫
Ω
F (x,u)dx
is well deﬁned, where F (x,u) = ∫ u0 f (x, t)dt . Then it is easy to see that I˜ ∈ C1(X,R), u ∈ X is a weak solution of (1.1) if and
only if u is a critical point of I˜ .
By our assumptions of f , there exist d > 0 and t∗ > 0 such that | f (x, t)| d, for every 0 t  t∗ and a.e. x ∈ Ω . Without
loss of generality, we suppose that, for every k ∈ N, bk  t∗ . Deﬁne
g(x, t) =
⎧⎨⎩
0 if t  0;
f (x, t) if 0< t  t∗;
f (x, t∗) if t > t∗.
Hence, we have
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for a.e. x ∈ Ω and t ∈ R.
Now we consider the following problem⎧⎪⎨⎪⎩−
(
a + b
∫
Ω
1
p(x)
|∇u|p(x) dx
)
div
(|∇u|p(x)−2∇u)= g(x,u) in Ω,
u = 0 on ∂Ω.
(3.2)
The weak solutions of (3.2) are the critical points of the functional
I(u) = a
∫
Ω
1
p(x)
|∇u|p(x) dx+ b
2
( ∫
Ω
1
p(x)
|∇u|p(x) dx
)2
−
∫
Ω
G(x,u)dx
where G(x,u) = ∫ u0 g(x, t)dt . By (3.1), it is easy to see that I is well deﬁned, weakly sequentially lower semicontinuous and
Gâteaux differentiable in X .
For every ﬁxed k ∈ N, consider the set
Sk =
{
u ∈ X: u(x) 
≡ 0 and 0 u(x) bk a.e. x ∈ Ω
}
,
where bk is from (i).
Proposition 3.1. The functional I is bounded from below on Sk and its inﬁmummk on Sk is attained at uk ∈ Sk.
Proof. Firstly, for every u ∈ Sk , we have
I(u) = a
∫
Ω
1
p(x)
|∇u|p(x) dx+ b
2
( ∫
Ω
1
p(x)
|∇u|p(x) dx
)2
−
∫
Ω
G(x,u)dx
−
∫
Ω
G(x,u)dx−dbk|Ω|.
Thus, I is bounded from below on Sk .
It is clear that Sk is convex and closed, thus weakly closed in X . Let mk = infSk I , and {un} be a sequence in Sk such that
mk  I(un)mk + 1n for all n ∈ N. Then, if ‖un‖ 1, we have done it, otherwise, we have
a
p+
‖un‖p− + b
2(p+)2
‖un‖2p− mk + 1+ dbk|Ω| (3.3)
for all n ∈ N, thus {un} is bounded in X . So, up to a subsequence, {un} weakly converges to some uk ∈ Sk . At this point, we
obtain that I(uk) =mk in view of the weakly sequentially lower semi-continuity of I . 
Proposition 3.2. 0 uk(x) ak a.e. x ∈ Ω .
Proof. Let W = {x ∈ Ω: uk(x) ∈ (0,ak]} = {x ∈ Ω: bk  uk(x) > ak} and suppose that |W | > 0. Deﬁne the function h(s) =
min(s+,ak) and set wk = h(uk), where s+ = max(s,0). Obviously, h is continuous in X . In addition, wk ∈ Sk . Then, we have
that
wk(x) =
{
uk(x) if x ∈ Ω \ W ,
ak if x ∈ W .
(3.4)
Moreover,
I(wk) − I(uk) = a
∫
Ω
1
p(x)
|∇wk|p(x) dx+ b2
( ∫
Ω
1
p(x)
|∇wk|p(x) dx
)2
−
∫
Ω
wk∫
0
g(x, t)dt dx
− a
∫
Ω
1
p(x)
|∇uk|p(x) dx− b2
( ∫
Ω
1
p(x)
|∇uk|p(x) dx
)2
+
∫
Ω
uk∫
0
g(x, t)dt dx
= −a
∫
1
p(x)
|∇uk|p(x) dx− b2
( ∫
1
p(x)
|∇uk|p(x) dx
)2
−
∫ wk∫
g(x, t)dt dxW W W uk
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∫
W
1
p(x)
|∇uk|p(x) dx− b2
( ∫
W
1
p(x)
|∇uk|p(x) dx
)2
−
∫
W
ak∫
uk
g(x, t)dt dx.
Note that
∫
W
∫ ak
uk
g(x, t)dt dx  0. In conclusion, every term of the above expression is non-positive. On the other hand,
because I(wk) I(uk) = infSk I , then every term should be zero. In particular,∫
W
1
p(x)
|∇uk|p(x) dx =
∫
W
(
G(x,ak) − G(x,uk)
)
dx = 0. (3.5)
These equalities imply that |W | = 0. 
Proposition 3.3. uk is a local minimum point of I in X for every k ∈ N.
Proof. Set W ′ = {x ∈ Ω: u(x) ∈ [0,ak]}. It is clear that
∫ u
h(u) g(x, t)dt = 0 for any x ∈ Ω \ W ′ . Furthermore, if x ∈ W ′ , then
one has the following three cases.
(C1) If u(x) < 0, then
∫ u
h(u) g(x, t)dt = 0.
(C2) If ak < u(x) bk , then by (i),
∫ u
h(u) g(x, t)dt  0.
(C3) If u(x) > bk , then
∫ u
h(u) g(x, t)dt =
∫ u
ak
g(x, t)dt 
∫ u
ak
ddt = d(u(x) − ak).
Let p∗  q + 1> p+ for every x ∈ Ω and ﬁx it, then the constant
A = sup
ξbk
d(ξ − ak)
(ξ − ak)q+1
is ﬁnite, we have, for a.e. x ∈ Ω , ∫ uh(u) g(x, t)dt  A|u(x) − h(u(x))|q+1. Then, using Propositions 2.4 and 2.5, we have
∫
Ω
u∫
h(u)
g(x, t)dt dx Acq+1
∥∥u − h(u)∥∥q+1,
where c0 is the embedding constant of X ↪→ Lq+1(Ω) when p(x) N or X ↪→ C0(Ω) when p(x) > N for almost all x ∈ Ω .
Therefore,
I(u) − I(h(u))= a∫
Ω
1
p(x)
|∇u|p(x) dx+ b
2
( ∫
Ω
1
p(x)
|∇u|p(x) dx
)2
−
∫
Ω
u∫
0
g(x, t)dt dx
− a
∫
Ω
1
p(x)
∣∣∇h(u)∣∣p(x) dx− b
2
( ∫
Ω
1
p(x)
∣∣∇h(u)∣∣p(x) dx)2 + ∫
Ω
h(u)∫
0
g(x, t)dt dx
= a
∫
W ′
1
p(x)
|∇u|p(x) dx+ b
( ∫
W ′
1
p(x)
|∇u|p(x) dx
)2
−
∫
W ′
u∫
h(u)
g(x, t)dt dx
= a
∫
Ω
1
p(x)
∣∣∇u − ∇h(u)∣∣p(x) dx+ b
2
( ∫
Ω
1
p(x)
∣∣∇u − ∇h(u)∣∣p(x) dx)2 − ∫
Ω
u∫
h(u)
g(x, t)dt dx
 a
∫
Ω
1
p(x)
∣∣∇u − ∇h(u)∣∣p(x) dx+ b
2
( ∫
Ω
1
p(x)
∣∣∇u − ∇h(u)∣∣p(x) dx)2 − Acq+1∥∥u − h(u)∥∥q+1
 a
p+
∥∥u − h(u)∥∥p0 + b
2(p+)2
∥∥u − h(u)∥∥2p0 − Acq+1∥∥u − h(u)∥∥q+1,
where p0 = p+(p−) when ‖u − h(u)‖ 1 ( 1). Since h(u) ∈ Sk , we have I(h(u)) I(uk). Then
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∥∥u − h(u)∥∥p0 + b
2(p+)2
∥∥u − h(u)∥∥2p0 − Acq+1∥∥u − h(u)∥∥q+1
 I(uk) +
∥∥u − h(u)∥∥p0( a
p+
+ b
2(p+)2
∥∥u − h(u)∥∥p0 − Acq+1∥∥u − h(u)∥∥q+1−p0)
 I(uk) +
∥∥u − h(u)∥∥p0( a
p+
− Acq+1∥∥u − h(u)∥∥q+1−p0).
Since h is continuous, there exists δ > 0 such that, for every u ∈ X with
‖u − uk‖ < δ,
∥∥u − h(u)∥∥q+1−p0  a
p+Acq+1
,
this implies that uk is a local minimum of I . 
Remark 3.1. Using Theorem 1.1 of [20], we have uk > 0 on Sk .
Proposition 3.4.mk < 0 for all k ∈ N and limk→+∞mk = 0.
Proof. In view of condition (ii), we have ηk ∈ Sk
mk  I(ηk) = −
∫
Ω
ηk∫
0
f (x, s)dsdx < 0. (3.6)
Now we will prove that limk→+∞mk = 0. For every k ∈ N and u ∈ Sk , we have that
0>mk = I(uk) d|Ω|bk. (3.7)
We can easy to see that
lim
k→+∞
mk = 0. 
Proof of Theorem 1.1 concluded. Since uk are local minima of I , they are critical points of I , thus weak solutions of (1.1).
Due to Proposition 3.2, there are inﬁnitely many distinct uk with limk→+∞ ‖uk‖∞ = 0. Moreover, we have
a
∫
Ω
1
p(x)
|∇uk|p(x) dx+ b2
( ∫
Ω
1
p(x)
|∇uk|p(x) dx
)2
mk + dbk|Ω| → 0 (3.8)
which proves that limk→+∞ ‖uk‖X = 0. 
Example 3.1. We consider
f (x, t) =
{
(1+ |x|p(x))((p− + 2)t p−+1 sin 1
t p−
− p−t cos 1
t p−
) if t > 0,
0 otherwise.
Proof. One clearly has
F (x, t) =
{
(1+ |x|p(x))t p−+2 sin 1
t p−
if t > 0,
0 otherwise.
Then, for any k ∈ N, we can choose
ak :=
[
1
(2k + 2)π
] 1
p−
, bk :=
[
1
(2k + 32 )π
] 1
p−
,
it results in
ak∫
f (x, s)ds = sup
t∈[ak,bk]
t∫
f (x, s)ds.0 0
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(4k+ 12 )π
] 1p− , it results in
F (x, ηk) 0.
Therefore, all the assumptions of Theorem 1.1 have been veriﬁed, which completes the proof. 
Remark 3.2. In this paper we deﬁne g(·, s) = 0 for s 0 for simplicity. In fact, we only need g(·,0) = 0 in our proof, while
the solution may be non-positive in this case.
Remark 3.3. Our results are right under the constant exponent case (p(x) ≡ p). Under the constant exponent case, ever the
Laplacian case, our condition (ii) is weaker than condition (ii) in [22].
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